One contribution of 13 to a theme issue 'Redundancy rules: the continuous wavelet transform comes of age' .
Cavitating and bubbly flows involve a host of physical phenomena and processes ranging from nucleation, surface and interfacial effects, mass transfer via diffusion and phase change to macroscopic flow physics involving bubble dynamics, turbulent flow interactions and two-phase compressible effects. The complex physics that result from these phenomena and their interactions make for flows that are difficult to investigate and analyse. From an experimental perspective, evolving sensing technology and data processing provide opportunities for gaining new insight and understanding of these complex flows, and the continuous wavelet transform (CWT) is a powerful tool to aid in their elucidation. Five case studies are presented involving many of these phenomena in which the CWT was key to data analysis and interpretation. A diverse set of experiments are presented involving a range of physical and temporal scales and experimental techniques. Bubble turbulent break-up is investigated using hydroacoustics, bubble dynamics and highspeed imaging; microbubbles are sized using light scattering and ultrasonic sensing, and large-scale coherent shedding driven by various mechanisms are analysed using simultaneous high-speed imaging and physical measurement techniques. The experimental set-up, aspect of cavitation being addressed, how the wavelets were applied, their advantages over other techniques and key findings are presented for each case study.
This paper is part of the theme issue 'Redundancy rules: the continuous wavelet transform comes of age'.
Introduction
The use of wavelets generally in fluid mechanics has found diverse application in analysis [1] and simulation of turbulent single-phase flows [2] . The continuous wavelet transform (CWT) developed by Grossmann & Morlet [3] has been applied to the analysis of flows generally since the early 1990s, in common with its application in other fields of science and engineering. Fluid flows are characterized by temporospatial multi-scale chaotic, yet structured, features and phenomena, the understanding of which remains an ongoing challenge in many fields of research. As described in the early seminal works by Farge & Rabreau [4] , Farge et al. [5] , Meneveau [6] and Farge [1] in the context of turbulent flows, wavelets provide the capability to resolve and analyse such coherent and intermittent features providing the opportunity for new insights into these intrinsic aspects of turbulence.
More recently, use of the CWT has found application in a broad range of flows including scale modulation and interaction in boundary layers [7, 8] , laminar to turbulent transition [9, 10] , unsteady pressure and acoustic field analyses [11] [12] [13] [14] [15] and vortex detection, evolution and bursting [16] [17] [18] [19] . The CWT is advantageous over the classical Fourier transform (FT) for several reasons. In addition to the transient versus stationary aspects between the two methods [5] , the FT is also susceptible to spuriously identifying the harmonics of frequencies required to build nonsinusoidal waves. This can be problematic, particularly in fluid mechanics applications, where harmonics can also be physical phenomena. For example, the transverse force of a bluff body oscillates at the Strouhal number, but the axial force changes at double the frequency [20] . It is, therefore, important to be able to identify when FT frequencies are either artefacts or are physically real, for which comparison with the CWT of the same data may be used.
Cavitating and bubbly flows by their multi-phase nature involve a range of physical phenomena and processes ranging from nucleation, surface and interfacial effects, mass transfer via diffusion and phase change to macroscopic flow physics involving, bubble dynamics, turbulent flow interactions and two-phase compressible effects. The complex physics that result from these phenomena and their interactions make for flows that are difficult to investigate and analyse. These difficulties and how they are approached experimentally are discussed in detail below.
The use of the CWT in the analysis of cavitating and bubbly flows has found broad application from classical cloud shedding physics [21] [22] [23] , cavitation noise spectra [24, 25] , biomedical applications such as cavitation in mechanical heart valves [26] , through to microbubble size measurement [27] and complex bubble dynamic behaviour [28, 29] . Shedding cavitation may involve coherence with multiple frequencies present and frequency varying with flow conditions. Techniques for the analysis of such complex flows with varying spatial and temporal features, or 'modes', are extensively used for single-phase flow [30] and have also more recently begun to be applied in association with high-speed imaging of cavitating flow [31, 32] . The CWT also has utility for identifying shedding modes in these two-phase flows, as described in §6.
It has been found that differing wavelet forms [33] are more suited to identifying particular physical phenomena occurring in cavitating flows. In the example of cavitation about a jet in crossflow [34] there exists both highly periodic and aperiodic vortex systems for which a Morlet wavelet was used for analysis of the former, and a degree of Gaussian-2 (DOG2) wavelet was more suitable to identify individual (aperiodic) shedding events. In the following discussion, a number of examples are presented where the utility of the CWT in the analysis of cavitating and bubbly flows is discussed and illustrates some new insights gained into the underlying physics within flows that are inherently difficult to investigate.
Experimental modelling of hydrodynamic cavitation
Hydrodynamic cavitation is the change of phase from liquid to vapour that occurs when local pressures within moving or accelerated liquid volumes are reduced to, or below, vapour pressure. [35, 36] . These sites, termed nuclei, are typically microbubbles or gas volumes trapped in microscopic crevices on surfaces. Nuclei are generated through various mechanisms such as mixing at free surfaces and liberation of dissolved gas present in practical liquid volumes. Typical background microbubble populations present in natural waterways range in diameter from O (1) to O(100) µm with concentrations from 0.01 to 10 cm −3 [37] [38] [39] [40] . Populations generated by, for example, the disturbances created by ships produce much wider ranges of bubble sizes and concentrations.
Microbubble diameters increase or decrease as they are exposed to varying external pressures in a flow based on the balance of internal pressure with surface tension. The equilibrium of a microbubble is, however, only stable for a range of pressures such that below a critical value, dependent on bubble diameter and gas/vapour content, its equilibrium becomes unstable. Bubbles exposed to pressures at or below their critical pressure grow rapidly, essentially constrained only by the surrounding liquid inertia. Bubble critical pressures are below vapour pressure and mostly below absolute zero pressure such that in the absence of large nuclei liquids can sustain tensile stresses before inception occurs. Practically, for flows deplete of large nuclei, liquids may sustain several atmospheres of tension before inception. The liquid can be described as being in a state of metastable tension approximated by the van der Waals equation [36] . The vapour pressure represents a state of dynamic equilibrium between a liquid and its vapour and is only an upper bound on the potential for vapour bubbles to form within the liquid.
The activation of a single nucleus or a large population may lead to the formation of quasisteady or a diversity of highly unstable complex macroscopic cavitating flows involving a range of processes and phenomena, as noted above. Such flows associated with hydrodynamic devices and machinery create significant problems ranging from unsteady flow, loss of thrust or pressure, extreme vibration, noise, metal erosion and mechanical destruction. Cavitation may also be used for positive effects such as enhancing mixing and turbulent break-up [41] , sterilization [42] , sonochemistry [43] through to non-invasive drug delivery and surgery [44] .
The study of cavitation, as with other fluid phenomena, involves a large range of physical and temporal scales. Experimental investigation of nucleation and shockwaves generated in bubble dynamics involve sub-micrometre length scales and acquisition frequencies O(10) MHz. Whereas large-scale phenomena involve metre length scales and time scales of seconds or longer. To investigate this range of phenomena, various experimental capabilities have been developed in the Cavitation Research Laboratory (CRL) at the Australian Maritime College, the principal facility being a variable pressure water tunnel (figure 1). The tunnel test section is 0.6 m 2 by 2.6 m long in which the operating velocity and absolute pressure ranges are 2 to 12 m s −1 and 4 to 400 kPa, respectively. The tunnel volume is 365 m 3 with demineralized water as the working fluid. The tunnel has ancillaries for continuous injection and separation of microbubbles or large quantities of incondensable gas and for controlling the dissolved gas content. Microbubbles may be either injected for modelling cavitation nucleation or generated by the cavitation itself about experimental models. Microfluidic devices using cavitation at micrometre scales have been developed for generating high concentrations of microbubbles [45, 46] (figure 1b). Arrays of these devices enable the test flow to be seeded with polydisperse nuclei populations with a dominant size of about 15 µm (figure 1c) to give concentrations in the water tunnel ranging from 0.1 to 100 cm −3 .
Beyond the nuclei and dissolved content of the test water, the primary non-dimensional quantities of interest in cavitation are the Reynolds number (Re) and the cavitation number (σ ). The cavitation number reveals the likelihood and scale of any cavitation, and is defined as σ = 2(p ∞ − p v )/ρU 2 ∞ , where p ∞ is the static pressure at the test-section centreline, p v is the vapour pressure, ρ is the water density and U ∞ is the test-section velocity. The Reynolds number is defined as Re = U ∞ l/ν, where l is some relevant length scale, such as the chord of a hydrofoil, and ν is the kinematic viscosity of the water. Also of interest here is a pressure coefficient, defined as Various experimental techniques have been developed in the CRL for investigating the aforementioned flows and range of phenomena for the majority of which the CWT has been applied. Perhaps the most valuable application of the CWT to cavitation is joint-time frequency analysis of particularly short, but also long, time-series data. All events in a data series can be identified using the CWT regardless of their nature. Coherent features vary from highly periodic to highly intermittent and typically non-sinusoidal. Classical Fourier analysis of such data does not provide the required temporal resolution and often results in non-physical harmonic content being an artefact of the FT. While the CWT has many advantages over classical Fourier analysis, in most cases the CWT has been found to not only provide new analysis techniques but also as a valuable complement to Fourier analysis in understanding temporal features that contribute to various spectral content. Several case studies are presented involving a range of applications in cavitating flows that highlight these advantages and how these capabilities have been used to gain new understanding of these fascinating but challenging flows.
Optical and mechanical measurement of cavitation nuclei
As discussed above, nuclei populations control the inception and dynamics of cavitation and are therefore critical for its rigorous modelling. Precise optical measurement of microbubbles or nuclei populations in hydrodynamic test facilities remains a challenge mainly due to the large working distances and the large range of concentrations and diameters involved. Direct imaging of bubbles, such as shadowgraphy, is limited in the range of concentrations it can measure, and the spatial domain of the measurement is limited by the smallest bubble of interest. To address these issues, two additional techniques have been developed in the CRL, one being optical and the other mechanical. Neither of these techniques are recent but their development in the CRL relates to the use of contemporary equipment and analysis techniques including the CWT.
An illuminated bubble scatters light according to the Lorenz-Mie theory [47] , which means the intensity of the scattered light varies with the viewing angle as illustrated in figure 2. The nature of this variation is a function of the refractive indices of the bubble and the surrounding medium, as well as the size of the bubble. As such, providing bubbles contain a similar consistency of gases, this angular intensity can be used as an effective means to size bubbles [48] , which is referred to as interferometric Mie imaging (IMI). Figure 3 shows an out-of-focus photograph of two bubbles that are illuminated by a laser sheet. The two bubbles are different sizes, though the discs produced on the image plane are the same because this is only a function of the optical set-up and the position of the bubble within the light sheet. The number or spacing of the fringes across each disc indicate the different sizes. Local maxima can be extracted from the scalogram to give the required fringe spacing. Given the few repetitions of the fringes (in some cases this can be as low as two), the FT is not necessarily well suited to this task.
For low concentrations of microbubbles that are too small for conventional imaging, nuclei can be mechanically activated and measured in a device known as a cavitation susceptibility meter (CSM) [49] . This is a hydrodynamic device in which a venturi is deployed to reduce the pressure of a water sample activating any nuclei and therefore measuring the critical pressure of microbubbles or other active nuclei. Water is continuously sampled from the tunnel and passed through the venturi activating all nuclei with critical pressures below the throat pressure. These activations can be counted with ultrasonic sensing and the volumetric concentration is derived from the activation rate and the sampled flow rate. Bubble sizes can be derived from the venturi throat pressure and the equations for bubble equilibrium [50] . By incrementally reducing the throat pressure by flow rate increase, or static pressure reduction, a cumulative histogram of bubble size against concentration can be measured. This technique allows nuclei with critical pressures equivalent to bubble sizes below 1 µm in diameter to be measured. There is no lower limit on the minimum concentrations that can be measured other than the length of time required to obtain converged statistics. However, it is limited by high concentrations as excessive activations can introduce errors into the counting procedure or saturate the venturi. As the test flow must be sampled, this method lacks spatial and temporal resolution and is only effective for flows with homogeneous nuclei distributions. These instruments have traditionally employed filtering techniques for counting the nuclei activations suitable for real-time operation however the CWT has been used to analyse signals and improve the measurement precision.
A typical segment of the time-series sampled from the output of a piezo-ceramic sensor attached to the CRL CSM is shown in figure 4a. For the time period shown several bubbles are activated. The data were sampled for this experiment at 2 MHz to resolve events lasting microseconds. There are several microbubble activations within the signal between t = 0.02 s and t = 0.09 s, manifesting as sharp spikes in the voltage output. Figure 4b is the signal after postprocessing involving a series of filtering, rectification and homogenization procedures currently used for CSM real-time operation [50] . for the bandwidth indicated. The activation of a bubble causes a response at a wide range of frequencies due to the mechanical vibrations within the system, as shown in the CWT scalogram. It is the discretization of these events that is the challenge in processing these signals, particularly given they may occur at rates of O(100) Hz with characteristic frequencies between f = 2 14 Hz and f = 2 18 Hz.
The CWT can be used to gain greater insight into the signal content to improve realtime detection algorithms or for post-processing of data. It has been used to find the relevant frequency bands and to optimize processing variables. It can also be used to improve algorithms for detection or discrimination of multiple activations. CWT analysis of the data have also shown intermittent pre-signals prior to the activation of single and multiple bubbles events which to date may be discriminated as a separate event. These events remain inexplicable and experiments involving simultaneous high-speed imaging with the ultrasonic sensing are planned to investigate these ambiguous events. While the CWT has been a valuable tool for ongoing development of these techniques it remains too computationally expensive for real-time operation.
There exists a permanent background population within the CRL water tunnel [51] . These are of such low concentration and small size that they can only practically be measured with a CSM. A typical complete histogram of the background nuclei content in the CRL water tunnel, measured with a CSM, is given in figure 5 . This measurement allows the determination of whether these nuclei are active in any particular experiment which is discussed further the case studies which follow.
Analysis of turbulent bubble break-up
As briefly noted above, microbubbles that provide cavitation nuclei are generated by wave action and through air ingestion and turbulent break-up. Also noted is that cavitation generates microbubbles upon condensation and turbulent break-up. Even though cavitation may only form and condense over short time scales typically this is sufficient time for dissolved incondensable gas in the surrounding liquid to diffuse, due to concentration gradient, into the vapour cavity. Upon condensation, a mist of microbubbles of incondensable gas persists into the far wake, the population of which depends on the turbulent flows physics involved in the condensation/breakup and the incondensable gas flux. These flows are of interest in a range of disciplines in naval [52, 53] and chemical engineering [54, 55] , and oceanography [56, 57] for not only the physics of break-up and mass transfer but also aspects such as acoustic emissions [58, 59] .
To model these processes in the laboratory an experiment involving break-up of millimetresized bubbles in a turbulent shear layer was developed in the CRL, shown schematically in Figure 6 . Schematic side views experimental set-up for investigating break-up of millimetre bubbles in a turbulent shear layer. A plane jet is created between confining side walls in a surrounding water volume below which a bubble train is released. The bubble break-up is imaging using high-speed shadowgraphy and acoustic emissions recorded simultaneously with a hydrophone. simultaneously recorded at 100 kHz using a hydrophone (Bruel and Kjaer model 8103). The acoustic measurements permit the detection of bubble excitation and break-up events that create noise and where break-up occurs the resulting products to be sized. Processing of the high-speed imaging provides information on bubble excitation and break-up products but not whether these produce noise. Sometimes, events can also be obscured for which the acoustic record provides additional information. The acoustic record of a bubble encountering the jet turbulent shear layer is ideally analysed using the CWT. Each event can be detected from the scalogram and any break-up products can be counted and sized as each bubble resonates at its natural frequency, from which, the bubble sizes can be derived using Minneart's equation or the Rayleigh-Plesset equation [35, 60] . Sampled images from the high-speed shadowgraphy depicting the sequence of events typical of a bubble encounter with the jet shear layer are presented in figure 7 . High-speed shadowgraphy of this bubble break-up and simultaneously recorded acoustic emissions are given in electronic supplementary material, S1. These events include an initial distortion, a first break-up event and then a second. The corresponding CWT scalogram of the acoustic signal is shown in figure 8a . The natural frequencies of the four products are indicated by the coloured horizontal lines in the scalogram. The vertical grey lines shown in figure 8 correspond to the images shown in figure 7 . Figure 7a shows the undisturbed bubble just before it is about to encounter the shear layer and figure 7b shows the initial distortion that results in relatively weak acoustic emission. The distortion shown in figure 7c is sufficiently strong that a small bubble is separated, evident both on the scalogram and in the high-speed shadowgraphy. Figure 7d shows the large bubble into two further products as a final break-up event. This last event is evident temporally in the scalogram but not in the shadowgraphy as one of the bubble products optically obscures the other at initial separation. In each case, the frequencies were used to size the break-up products and these closely match those determined directly from the imaging (table 1) .
The influence of nucleation on cloud cavitation about a hydrofoil
As discussed above, nuclei populations control the inception and dynamic behaviour of cavitation. These effects are fundamental to the operation of all hydrodynamic turbo-machinery and other devices involving lifting surfaces such as pump impellers, propellers and control surfaces. Basic research into cavitation physics related to such devices is often performed using canonical hydrofoil models being close representations of actual prototypes or generic analogies of blades of rotating machinery. cloud cavitation, a simple hydrofoil geometry was developed for experiments in either nuclei deplete or nuclei abundant conditions representing two extremes of seeding that can occur in real flows. The CWT is a valuable tool in analysing the spectral content and shedding modes of cloud cavitation for which examples are presented. An anodized aluminium hydrofoil with a rectangular planform of 0.3 m span (b) and 0.15 m chord (c) with constant NACA-0015 section and a faired tip was mounted vertically from the water tunnel test-section ceiling via a six-component force balance for dynamic force measurement simultaneous with high-speed imaging of the cavitation [61] . Measurements were made at fixed values of σ = 0.55, Re = 1.4 × 10 6 (based on chord length), dissolved O 2 = 3.3 ppm and hydrofoil incidence of 6 • . For the deplete case, no nuclei are injected such that only background nuclei are present in the tunnel water. These have been measured using a CSM as described above (figure 5), from which it can be shown that they do not provide active nuclei in the free stream for this condition beyond inception. For the abundant case, poly-disperse nuclei with a dominant size of about 25 µm are injected at a concentration of about 100 cm −3 [45] . This volumetric concentration results in an area concentration of activated nuclei of approximately 1 nuclei cm −2 on the hydrofoil. Simultaneous forces and high-speed images were recorded at 7 kHz for 3 s. Additional long-time-series measurements of the forces for obtaining high-resolution spectra were recorded at 1 kHz for 240 s giving about 5000 cycles of the dominant frequency.
Still images showing the cavitation about the hydrofoil for the nuclei deplete and nuclei abundant cases are shown in figure 9 . Samples of the high-speed photography of each seeding case are given in electronic supplementary material, S2 and S3. These provide an indication of the dramatic effect changes in nucleation have on the cavitation physics for otherwise identical flow conditions. Observations of the high-speed imaging show the shedding mechanisms and frequency content are significantly altered [61] . A single line of pixels was extracted from high-speed photography and plotted in time to provide space-time plots that may be used in conjunction with CWT scalograms to analyse shedding phenomena. Both spanwise and chordwise space-time plots have been extracted for comparison with corresponding CWT scalograms as discussed below.
CWT scalograms of long time-series lift measurement using the Morlet wavelet and the resulting PSDs, as well as those from the Welch estimate for each seeding case are shown in figure 10 . The usable frequency range of the balance is for about St < 1 beyond which forcebalance response is evident. A series of well-defined peaks are evident in the Welch PSD for both the nuclei-deplete and nuclei-abundant cases, where those from the CWT show fewer, lessdefined peaks. For the nuclei-deplete case, the CWT PSD shows three peaks below St = 1 which match with those in the Welch PSD. For the nuclei-abundant case, the CWT PSD shows only two peaks, showing that the additional ones in the Welch PSD are harmonic artefacts of the FT. Examination of the data time-series and high-speed imaging provide conclusions that concur with these observations. , respectively, showing the cavity extent as it varies in time.
A sample time series of the unsteady lift for the nuclei-deplete case is shown in figure 11a . In this case, the high-speed imaging (shown as chordwise and spanwise space-time plots) and force measurements show the dominant or fundamental frequency to be about St = 0.28, which is the largest peak from the PSD. Frequency analysis of the high-speed imaging show this frequency to be associated with shedding involving large-scale cavity growth and collapse/condensation. Large-scale in this case refers to shedding involving cavity growth over almost the full chord. , respectively, showing the cavity extent as it varies in time.
This fundamental frequency is evident in both the CWT scalogram and in both chordwise and spanwise space-time plots.
The first frequency peak at about St = 0.14 can be shown to be associated with local shedding from the cavity end near the hydrofoil tip. It is a sub-harmonic of the fundamental and from the image analysis it can be shown that the local tip shedding varies at half the frequency of the bulk cavity shedding. That is, there are two separate but coupled shedding regions through the midspan and near the tip. This phenomena can be discerned from the spanwise space-time plot where there is a 'coupling' at the bottom of the cavity near z/b = 0.7 on alternate cycles of the fundamental. This frequency is relatively weak and intermittent and not so obvious in the signal, but is seen in the CWT scalogram between 0.3 < t < 0.8. This reveals an important aspect of the flow that without the CWT might go undetected.
The third peak on the PSD at about St = 0.55 is a harmonic of the fundamental associated with dual shedding phenomena occurring with each cycle. This predominantly involves the shedding of an initial vortex once the growing cavity reaches the trailing edge and another with the bulk detachment of the condensing cavity. This frequency is evident in the time series, the CWT scalogram, and the chordwise plot as indicated by the thin streaks shed each fundamental cycle (to the left) before the much thicker bulk shed cloud (to the right).
A sample time-series of the measured unsteady lift for the nuclei abundant case is shown in figure 12a . The corresponding CWT scalogram and chordwise and spanwise space-time plots extracted from the high-speed imaging are shown in middle and bottom plots, respectively. For the nuclei abundant case, the shedding physics are significantly altered due to the high concentration of continuously activated nuclei. The fundamental frequency of the bulk shedding is about St = 0.15, corresponding to the first peak in the PSD ( figure 10 ). This shedding is approximately two dimensional, occurring over the full hydrofoil span, and is about 1.8 times slower than the large-scale shedding for the nuclei deplete case. The fundamental is clearly evident in the time series, the CWT scalogram and both space-time plots.
The second peak in the PSD is a harmonic of the fundamental (about St = 0.3) and can be shown to be associated with the propagation of the first of two shockwaves each cycle. The first shockwave forms once the growing cavity reaches the trailing edge. This shockwave propagates upstream but loses strength and speed, stalling before reaching the cavity leading edge. Shortly after this another shockwave forms that travels upstream with greater strength and velocity, causing large-scale condensation with subsequent near-two-dimensional re-growth along the hydrofoil span. The passage of the first shockwave is indicated in the chordwise space-time plot by the streakiness that occurs midway through each fundamental cycle.
Spectra and shedding modes of cavitation about a sphere
Canonical flows are of particular interest in basic cavitation research. One such flow is that about a sphere which has been extensively studied in single-phase flow and recently, as discussed earlier, for cavitating flow [22, 23] where the CWT has been used to analyse spectral content and physical modes. This flow has the advantages of being free from wall effects in tunnels, the simple geometry can be relatively easily meshed for comparative computational studies and due to the large internal volume instrumentation can be incorporated internally. Cavitation about the sphere exhibits a range of the phenomena that are of vital interest in the field ranging from complex surface and free nucleation, surface tension/energy effects, laminar to turbulent transition and interfacial effects associated with separated boundary layers overlying cavity detachment and large-scale shedding coupled with shockwave formation.
The experimental set-up devised for testing of a cavitating sphere in the CRL water tunnel is shown in figure 13 . A 0.15 m diameter sphere is sting-mounted on the centre-axis of the test section. The model has an interchangeable front section extending 120 • on which the cavitation forms and detaches. This permits the testing of models with differing surface energy and micro-topography and for the work presented here is manufactured from polyvinyl chloride (hydrophilic) finished to 0.8 µm surface roughness. The rear section is manufactured from stainless steel and contains two 3 mm diameter dynamic pressure sensors (PCB 105C02) located 125 • from the sphere streamwise axis on the equator. High-speed images (LaVision HighSpeedStar8) were acquired on a horizontal axis from the near side simultaneously with both pressure sensors at a rate of 7 kHz for 3 s. Additional longer time series were also recorded from the surface sensors at 2 10 Hz for 2 8 s. All data were taken at a Re = 1.5 × 10 6 based on the sphere diameter, σ = 0.8 and the dissolved O 2 = 3.3 ppm. No nuclei were injected for these experiments. The naturally occurring background nuclei population in the tunnel have been measured using a CSM, as described above (figure 5). The very largest of these are responsible for the initial inception but are far too sparse to play a role in the high-frequency shedding and re-nucleation dynamics observed. Experiments have shown these are most probably provided by microbubbles trapped in surface viscous layers from previously shed/condensed cavities.
It has been shown in recent studies [22, 23] that cavitation about a sphere at high Reynolds numbers ranges from short stable cavities just after inception to energetic shedding at intermediate cavitation numbers before transitioning to supercavitation at low values where shedding ceases. The break-up and condensation of the short cavities just after inception are modulated by small-scale Kelvin-Helmholtz instabilities in the overlying separating laminar boundary layer. At intermediate σ values cavity lengths become sufficient for large-scale instabilities and shedding to develop, as shown in figure 14 . A sample of the high-speed photography for σ = 0.8 is provided in electronic supplementary material, S4. This shedding is predominantly bi-modal attributed to axisymmetric and asymmetric modes. This bimodal shedding occurs in attached (high σ ) and detached (low σ ) regimes. Although predominantly bi-modal, three modes have been identified with the onset of shedding in the attached regime at σ = 0.8.
The PSD of the near-side surface-pressure measurement for σ = 0.8 derived from the Welch estimate and the CWT using the Morlet wavelet with several non-dimensional frequencies, are shown in figure 15 . The Welch estimate of the PSD shows three spectral peaks whereas the CWT using the typical non-dimensional frequency of 6 [62] shows only two. Examination of the CWT scalogram ( figure 16 ) and the simultaneous high-speed imaging show the third mode to be physical, despite this not being apparent from the global CWT PSD. Using higher values of the non-dimensional frequency resolves the third peak ( figure 15 ) but does come at the expense of temporal information [33] . Figure 15 . PSD of sphere surface pressure at σ = 0.80 derived using the FT (Welch) and the CWT using a Morlet wavelet with several non-dimensional frequencies. The FT identifies three peaks, while the third peak is only resolved with the CWT if the non-dimensional frequency is greater than the typical value of 6. CWT scalograms of the short time-series data for the pressure measurements either side of the sphere are shown in figure 16 . The three horizontal lines indicate the three peak frequencies in the Welch PSD. The first vertical line indicates out-of-phase behaviour between the two pressures at the first frequency and second vertical line indicates in-phase behaviour for the second frequency. All three frequencies can be examined in more detail from consideration of local extracts of the time series which follows.
Local extracts from the surface-pressure time-series and corresponding CWT scalograms (using both the Morlet and DOG2 wavelets) and streamwise space-time plots from high-speed imaging above the near-side surface sensor are shown in figure 17 . All these data show each of the three modes to be highly periodic but sequentially intermittent. The CWT scalograms show the third mode to be the most intermittent. The lack of resolution of the third peak in the PSD is most probably attributable to this intermittency and the lack of frequency domain resolution for the CWT PSD. This is an interesting outcome showing the complementarity of the FT and CWT for analysis of intermittent phenomena.
These data only provide local spatial information of spectral content, providing no insights into the global modes associated with each peak. Analysis of the global frequency content of the high-speed imaging including both amplitude and phase information and using singular value decomposition has shown that f 1 and f 2 correspond to asymmetric and axisymmetric modes, respectively [63] . Further evidence or confirmation of this observation can be gained from the cross wavelet transform (XWT) [33, 64] of the simultaneous surface-pressure measurements from each side of the sphere. This has been carried out for data taken at σ = 0.75 where only the first two modes are present. A sample of the two long time-series surface-pressure measurements, the corresponding XWT scalogram (DOG2 wavelet) and the cross spectral density (XSD) from the entire record are shown in figure 18 . The amplitude of the scalogram shows in-phase (positive, red) and out-of-phase (negative, blue) correlation. The XSD shows the low frequency to be correlated and out-of-phase (negative) and a maximum (in-phase) at high frequency. These frequencies are equivalent to the first two spectral peaks in the PSD shown in figure 15 , confirming that the first mode is globally asymmetric and the second is axisymmetric. It is interesting to note that the second peak (axisymmetric mode) in the XSD is about twice the amplitude of the first. However, there is also potential for bias due to the limited nature of the data sample with the pressures only being measured at two locations 180 • apart. For the axisymmetric mode, all events will be in-phase regardless of where the measurement is taken, and as such strong correlation can be expected. Whereas for the asymmetric mode there will be no preferred plane of symmetry, as the geometry is axisymmetric, so that limited out-of-phase correlation could be expected. To make more definitive observations on these aspects, however, requires further investigation. A similar analysis can also be applied to the two pressure signals corresponding to the short time series data presented in figure 17 for all of the spectral peaks shown in the Welch PSD. The pressure signals from both side of the sphere and corresponding XWT scalograms and XSD are shown in figure 19 . These data show results that concur with those above for the first two modes consistent with asymmetric and axisymmetric global modes. The XWT scalogram and XSD for f 3 show no correlation at this frequency, suggesting that this mode is purely a local effect with no associated large-scale flow features. This raises the question of what global flow behaviour does occur when this local mode is present. To answer this and other questions require further investigation with an increased number of pressure measurement locations and at least two cameras to simultaneously image the cavitation on both sides of the sphere. It should also be noted that although the analysis of the conditionally sampled data concur with observations for the long time-series for the first two frequencies, these data are too limited to make definitive conclusions.
Conclusion
The CWT has become a standard tool in the analysis of cavitating flows. It is a powerful addition to, and complements, other analysis techniques such as the classical FT and various methods of modal decomposition. It is in this combination that new insights into the complex phenomena involved in cavitating flows have been gained. Wavelets have been applied in data analysis of all aspects of cavitation ranging from nucleation at micrometre scales to large-scale shedding and shockwave phenomena at metre scales. In many cases, the use of wavelets have provided a means to extract certain information that other techniques do not provide. This paper has only briefly presented a few examples of where wavelets have been used to identify new aspects and phenomena in cavitating flows and the reader is referred to the literature for more detail. Most of the applications presented here involved one-dimensional data with one example of two-dimensional data using the cross wavelet transform. With ever-increasing computer power, wavelets will undoubtedly find new applications in higher dimensional data sets where at present only the Fast FT is applied. Such an example is in the modal analysis of high-speed imaging using single and multiple cameras for two-and three-dimensional imaging.
